In this paper, sliding mode control (SMC) algorithms are tested for their use in an active car suspension system. Using the quarter model of the car as an example, the comparison of the efficiency of the algorithms is made. A continuous and two discrete versions of the sliding mode control are taken into consideration. The study is limited to finding the relation between the control parameters and the comfort factor. This is done by analyzing the response of the model to the harmonic and impulse excitation.
Introduction
The most common types of suspension systems used in automobiles are passives ones. Their construction is based on several spring and damping elements with constant, linear or nonlinear characteristics. When designing a passive car suspension, it is necessary to choose the optimal damping coefficient that would allow both the comfort and safety to be on a high enough level (Łuczko and Ferdek, 2012 ). An alternative option is to use suspension which can modify its properties during ride of the vehicle -namely an active or a semi-active system. In the case of active suspension, the spring and damping elements are replaced with servomotors. This way the force generated in the suspension can be used to influence both the comfort and safety of the ride. Although active suspension systems are more complex and require more energy, they are more and more often considered and included in designs of modern vehicles.
One of the possible options for the active suspension control is to use a sliding mode control (SMC) algorithm (Yoshimura et al., 2001; Sam et al., 2004; Lin et al., 2009) . The idea of the algorithm is to guide the model in the state-space, to a specific plane called "the sliding plane" and to keep it as close to this plane as possible. Therefore, two separate phases of this control can be listed: the "approach" phase, which lasts until the point describing the dynamics of the system reaches the switching hyperplane, and the "sliding" phase. In the second phase, the system is forced to "slide" along a slinging plane up to the desired point by using a discontinuous control signal. Most often, it is assumed that the sliding plane equation is linear and related to the regulation error.
The application of the sliding mode control to a physical system is accompanied by the so-called "chattering" effect (Lee and Utkin, 2007) -high-frequency oscillations which might cause wear or damage to the actuator. It is therefore essential to eliminate this effect from the regulation process.
As most of modern control systems are implemented as digital, below a procedure for designing a discrete sliding mode controller (DSMC) for control of a car suspension is presented. The most important advantages of the digital control are reduction of device cost, possibility to implement complicated control rules and higher control precision.
In this study, a quarter model of the car is used for the purpose of testing the efficiency of damping the vibration by application of different control strategies. The performance factor includes parameters related to comfort of the ride.
Model of the system
The analysis has been performed on a quarter model of the car (Huang and Chen, 2006; Rajeswari and Lakshmi, 2008; Snamina et al., 2011) consisting of a non-spring-supported mass m w (mass of the wheel, axle and some elements of the drive transmission) and a spring-supported mass m b (1/4 of the other mass, mostly the car body). It has been assumed that the road influence on the wheel can be descibed using a harmonic or impulse kinematic excitation w(t). The analysis included the influence of the control and disturbance on the behavior of the system. Both the control and disturbance forces have been assumed to act at the point connecting the car body and the suspension.
The oscillation of the system around the static equilibrium point can be given by a set of the two second-order differential equations
where y w and y b are the displacement of the non-spring-supported and spring-supported mass, respectively. The parameters k w and c w define the stiffness and damping of the wheel, while k b and c b are the same for the passive vibro-isolation system. By configuring the velocities and displacements of both masses to be included in the state vector x = [y w , y b ,ẏ w ,ẏ b ] T , Eqs. (2.1) can be written in the form of a first-order matrix differential equatioṅ In order to increase the ride comfort, the parameters of the regulator are adjusted using the minimization condition for the variables that describe the movement of the spring-supported mass. The reduction of the car body vibration can be accomplished by introducing the following sliding plane 
SMC continuous regulation algorithm
This definition of the vector D should provide the minimal displacement x 2 = y b and velocity x 4 =ẏ b of the spring-supported mass. From the dynamical condition of the ideal sliding motioṅ
the equivalent (compensation) control u eq (t) is obtained, which after the omission of the excitation and disturbance influence can be written using the formula
An additional switching control u sw (t) is also included in order to guarantee the stability of the system. The control u sw is discontinuous with the sliding plane set as the switching line. This control can be calculated from the equation
The sliding mode control is the sum of both of these components
The sliding control realized in accordance to the algorithm presented above operates by dynamical compensation of the suspension stiffness and the introduction of additional damping. The switching component of control keeps the system close to the sliding plane. If the constant K sw is large enough, then the system becomes resistant to inaccuracies of the model. In practice, in order to limit the excessive switching ("chattering" effect) the signum function present in Eq. (3.5) is substituted by its approximation, e.g. "saturation" function. For the purpose of numerical calculations performed in this study, an arctangent approximation function has been used.
SMC discrete regulation algorithm
Due to the fact that the modern control systems are more often realized using digital devices, the sliding algorithm presented above needs to be modified. In order to choose the parameters for the discrete sliding mode controller, the following discrete equations are used (Yu et al., 2004; Yan and Fan, 2012)
where
with T s being the sampling time. The matrix functions Φ and Φ are defined as
The sliding plane can be chosen in the similar form as before (3.1)
By introducing
from the condition
the equivalent control can be found
Usually, f k component, whose value changes depending on the unknown excitation and disturbance, can be omitted, and the equivalent control component can be calculated from the equation
In order to eliminate the component f k from Eq. (4.7), an assumption is made that its value varies only slightly from the value in the previous step, giving f k ≈ f k−1 . By using additionally discrete state equation (4.1), it can be shown that
After transformation, the final form of the equation describing the equivalent control can be written
The switching component usw is defined by a similar equation as Eq. (3.5)
where the final control is the sum of both components. Using numerical calculations, the efficiency of the DSMC regulator ( Fig. 2a) with the equivalent control obtained using formula (4.8) is compared with the efficiency of the modified DMSMC regulator (Fig. 2b) related to equation (4.10) .
Results of numerical calculations
The emphasis of the numerical simulation is placed on finding the influence of the disturbance on the behavior and efficiency of the continuous SMC, discrete DSMC and DMSMC controllers. The following parameter values are chosen for matrices (2. Several dimensionless parameters are introduced: β x , β v , γ, τ s and defined using equations: It is assumed that the disturbance is in the form of a Gaussian white noise of zero average value and variance of value 25 N 2 (standard deviation s 0 = 5 N). An exemplary realization of this disturbance for the sampling time T s = 0.05T 0 is shown in Fig. 3 . Figure 4 shows the displacement of the spring-supported mass for the continuous SMC, discrete DSMC, Eq. (4.8), and modified discrete DMSMC regulator, Eq. (4.10). For the discrete control, the sampling time was T s = 0.02T 0 (τ s = 0.02). By comparing the results, one can notice that in the case of discrete control, the response looks periodic in contrast to the aperiodic continuous control SMC. On the assumed control parameters, the efficiency of SMC and DMSMC regulator is comparable. The irregularity seen in the response to the SMC regulator is caused by the high sensitivity of the system to the external disturbance. This fact is supported by Fig. 5 in which the response to three disturbance signals of different standard deviations s = 5, 10 and 15 N is shown (for s = ns 0 , n = 1, 2, 3, s 0 = 5 N). The change in the response to these disturbances is nearly linear (with linear rise of the disturbance). Although the amplitude of vibration can be attenuated by increasing the value of parameters β x and γ, setting them too high is undesirable due to the effect of "chattering", and also due to the time delay present between the regulator and the actuator.
In the case of the modified DMSMC digital controller, the response to the disturbance is definitely lower. When using the same values of n that define the disturbance as before, the difference between the responses is practically undetectable. Therefore, Fig. 6 shows the displacement for n = 1 and n = 20 (with τ s = 0.02). Even with twenty times higher value of s (s = 5 N and 100 N), the differences are still minor, which means that the DMSMC system is resistant to the disturbance. The efficiency of the discrete regulator is decreased when the sampling time increases (Fig. 7) . The presented displacements are obtained for the DMSMC with different sampling times τ s = 0.01, 0.02, 0.03 and β x = β v = 1, γ = 0.001 and s = 5 N. The relation of the amplitude of vibration with the sampling time is nonlinear, e.g. a change in τ s from 0.01 to 0.02 leads to the amplitude rise by ten times. When rise of τ s is continued, the amplitude of vibration is changed by a smaller factor. On the other hand, too small sampling time is undesirable due to computation time taken for the realization of digital control. With the rise of value β x , the maximal displacements are decreased but the maximal velocities and accelerations are increased. In addition to that, the character of vibration is changed, with more influence of high-frequency component present in the system. For high enough values of β x , the chattering effect starts to occur.
In order to test the behavior of the vibroisolation system, when crossing an obstacle, analysis of the response to the impulse excitation has been performed.
To describe the excitation in simulations, the bump "rounded pulse" function has been used. It is defined as follows (Shekhar et al., 1999) where H(t−t 0 ) is the Heaviside function. Equation (5.1) has continuous first and second derivates and the maximal value equal to h (Fig. 9) . The parameter η defines the sharpness of the impulse. At η = ω n1 = 8.396 rad/s, the impulse duration is equal to the half of the first vibration mode period. In numerical calculations, the value h has been chosen to be equal to 0.05 m. Figure 10 shows the response of the SMC (β x = β v = 1, γ = 0.1) and DMSMC (β x = β v = 1, γ = 0.001) system to impulse excitation (5.1). In both cases, the rate of displacement reduction is similar. In the case of the SMC, the damping of the disturbance (Fig. 10a) is slower when considered in relation to DMSMC, but it is also less steep, see the velocity plot in Fig. 10b . In the considered example, if the value of γ is too high (for γ > 0.01, β x = 1), the "chattering" effect occurs (Fig. 11) . Apart from the additional high-frequency oscillations, the changes in the value are twice as high as for the system with optimally chosen parameters of control (Fig. 10a) .
In addition to that, an increase in the value of β x , causes the possibility of occurring of the chatter to be higher (at β x > 10, the chattering can be observed for γ = 0.001). 
Summary
The analysis of the results allows formulating of the following conclusions:
• In all the considered active systems, the reduction of vibration is well enough, at least within the range that includes the first vibration mode. As this mode is significant, when considering vibration of the car body, it should be noted that making use of the presented regulators greatly increases the driving comfort.
• The continuous SMC regulator, for very high values of parameters β x and γ, is theoretically more effective than discrete regulators. However, it is more susceptible to disturbances as well as the time delay present during control.
• From the two presented discrete regulators, the better one is definitely DMSMC. It is much more resistant to disturbances, and for small sampling times, its performance is comparable to SMC.
• When adjusting the parameters of sliding mode regulators, the possibility of the "chattering" effect to occur should be taken into consideration. Values of the regulator parameters should allow the optimal and regular operation of the regulator without undesirable highfrequency oscillations.
